SOGANG-HEP 269/00 



Comments on Instantons on Noncommutative R 4 

Keun- Young Kim, Bum-Hoon Lee and Hyun Seok Yang f\ 

Department of Physics, Sogang University, Seoul 121-742, Korea 

E-mail: kykim@physics4 . sogang. ac . kr, bhl@ccs . sogang. ac .kr, 
hsyang@phys . ntu . edu . tw 



ABSTRACT 

We study U(l) and U(2) instanton solutions on noncommutative R 4 based on the noncom- 
mutative version of ADHM equation proposed by Nekrasov and Schwarz. It is shown that 
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numbers for all cases we consider. We also show that the completeness relation in the ADHM 
construction is generally satisfied even for noncommutative spaces. 
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1 Introduction 



Recently it has been known |2|, || that quantum field theory on noncommutative space can 
arise naturally as a decoupled limit of open string dynamics on D-branes in the background of 
Neveu-Schwarz two-form field B^s- In particular, it was shown in [[[ Q that noncommutative 
geometry can be successfully applied to the compactification of M(atrix) theory 0, [5[] in a certain 
background and the low energy effective theory for D-branes in the B^s field background, which 
are specifically described by a gauge theory on noncommutative space 0. 

In their paper ||, Nekrasov and Schwarz showed that instanton solutions in noncommutative 
Yang-Mills theory can be obtained by Atiyah-Drinfeld-Hitchin-Manin (ADHM) equation 
defined on noncommutative R 4 which is equivalent to adding a Fayet-Iliopoulos term to the 
usual ADHM equation. The remarkable fact is that the deformation of the ADHM equation 
has an effect removing the singularity of the instanton moduli space || ||, |], [01 HH HH- 

In this report, we study U(l) and U(2) instanton solutions on noncommutative R 4 based 
on the noncommutative version of ADHM equation proposed by Nekrasov and Schwarz. Here 
it is shown that the anti-self-dual gauge fields on self-dual noncommutative R 4 correctly give 
integer instanton numbers for all cases we consider. After this paper, in |]I3"|| , a method to 
obtain (anti-) self-dual solutions with integer instanton number was proposed using 't Hooft 
ansatz although the resulting field strength is not Hermitian. 

The paper is organized as follows. In next section we review the ADHM construction 
of noncommutative instantons on self-dual noncommutative R 4 . In section 3 we explicitly 
calculate the anti-self-dual field strengths for simple cases, k = 1 and k = 2 for U(l) and 
k = 1 for U(2). We show that these solutions correctly give integer instanton numbers. In 
section 4 we discuss the completeness relation as an ADHM condition. It is also shown that the 
completeness relation in the ADHM construction is generally satisfied even for noncommutative 
spaces. In section 5 we discuss the results obtained and address some issues. 



Recently, in their paper |14j, Chu, et al. pointed out that the topological charge of noncom- 
mutative instantons by ADHM construction we considered in this paper is correctly an integer. 
According to their pointing out, we have redone the numerical calculation on the instanton 
number using Maple. Now we have obtained integer instanton numbers for all solutions previ- 
ously found in this paper. It turned out that the previous puzzling result had been caused by 
an error of our numerical calculation. 
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2 Noncommutative Version of ADHM Equation 



Noncommutative R 4 is described by algebra generated by x M obeying the commutation relation: 

[x> M ,a?]=iO' w , (1) 

where 9^ v is a non-degenerate matrix of real and constant numbers. Since we are interested in 
noncommutative instanton backgrounds and the instanton moduli space only depends on the 
self-dual part 9 + = 1/2(6 + *9) || ||, we restrict ourselves to the case where 9^ v is self-dual 
and set 

4 

Then the algebra in ([!]), denoted as A^, depends only on one parameter ( where we choose 
( > 0. We consider an algebra Aq consisted of smooth operators O. The commutation relations 
(H) have an automorphism of the form x M t— > x^ + c M , where c M is a commuting real number, 
and we denote the Lie algebra of this group by g. Since the derivative operator <9 M can be 
understood as the action of g on Aq by translation, the generators of g can be defined by 
unitary operators U c = e cM<9 '' where <9 M = —iB fll/ x u with B^ u , an inverse matrix of 9^. Then 
the derivative for a smooth operator O is defined by d^O = [<9 M ,(9]. One can check that 
satisfies following commutation relations 

[d l *,x u ]=%, [d^d v ]=iB^. 

However the action of two derivatives on any operator O commutes: 

drd„O-d v d ll O=[[d ll ,d v ],O]=0. 

Introduce the generators of noncommutative C 2 ~ R 4 by 

Z\ = x 2 + ix , z 2 = x 4 + ix 3 . (2) 

Their non-vanishing commutation relations reduce to 

[zi,Zi] = [z 2: z 2 \ = -. (3) 

The commuatation algebra is that of the annihilation and creation operators for a simple 
harmonic oscillator (SHO) and so one may use the SHO Hilbert space as a representation of 
^4^ as adopted in || [11]]. Therefore let's start with the algebra End H. with finite norm of 
operators acting on the Fock space TC = J2( ni ,n 2 )ez1 C\ni,n 2 >, where z, z are represented as 
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annihilation and creation operators: 



y-2i|ni,n 2 >= \fni\ni - l,n 2 >, y^i|ni,n 2 >= V«i + + 1,«2 >, 

S^z 2 \ n u n 2 >= \/n2|ni,n 2 - 1 >, J^z 2 \n 1 ,n 2 >= \Jn 2 + l|ni,n 2 + 1 > . (4) 

ADHM construction describes a way for finding anti-self- dual configurations of the gauge 
field in terms of some quadratic matrix equations on R 4 Recently, N. Nekrasov and A. 
Schwarz made the ADHM construction to be applied to the noncommutative R 4 Jjl. In order 
to describe k instantons with gauge group U(N), one starts with the following data: 

1. A pair of complex hermitian vector spaces V = C k , W = C N . 

2. The operators B 1 ,B 2 E Hom(V,V), I e Hom(W,V) and J G Hom(V,W) satisfying the 
equations 

Hr = [B h B{] + [B 2 , Bl\ + IP - JU = C, (5) 
// c = [B x , B 2 ] + I J = 0. (6) 

3. Define a Dirac operator :V ®V ®W — ► V © V by 

TV, 



where 

t* = ( B 2 - z 2 B\ — Zi I ) , cr 2 



f-B 1 + z 1 

B 2 -z 2 I . (8) 



Then the ADHM equations (Bf) and are equivalent to the set of equations 



(9) 



According to the ADHM construction, we can get the gauge field (instanton solution) by 
the formula 

A, = 1>%ip, (10) 
where ip : W ^> V @V @W is N zero-modes of D\ i.e., 

Dty = o. (ii) 

For given ADHM data and the zero mode condition (|TTD, the following completeness relation 
has to be satisfied to construct an (anti-)self-dual field strength from the gauge field fllCf ) 

Dj^D*+iH>* = 1- (12) 
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We will show in section 4 that this relation is always satisfied even for noncommutative spaces. 

Note that the vector bundle over the noncommutative space A( is a finitely generated 
projective module.^] It was pointed out in [11, |12[ that for a noncommutative space there can be 
a projective module associated with a projection with non-constant rank (so the corresponding 
bundle has non-constant dimension) and the instanton module is the kind that is related to a 
projection operator in given by 

p = ^ip. (13) 

Just as in the ordinary case, the anti-self-dual field strength Fa can be calculated by the 
following formula 



F A 



where A, 



( dz\4-dzi + dzi-z-dzi dz 2 -^dz\ — dz\4-dz 2 



dz\-^-dz2 — dz2~^~dz\ dz\-^-dz\ -\- dz2~^~dz2 

o -: ~ : 



(14) 



<y\o z has no zero-modes so it is invertible || |TT|] . Note that the completeness 



relation (12) is used to derive the above field strength Fa which is anti-self-dual. 



3 Explicit Calculation of Instanton Charge 

In this section, we will perform an explicit calculation on the instanton charge from the solutions 
obtained by the ADHM construction in the previous section. First, we briefly do it for single 
£7(1) instanton solution obtained by Nekrasov and Schwarz for the purpose of illuminating 
our calculational method. And then we will do the same calculation for two U(l) instantons 
and single U(2) instanton solutions. 

It is natural to require that the integration on a quantum, i.e. noncommutative, space, which 
is the trace over its Hilbert space or more precisely Dixmir trace, has to respect a symmetry 
x — » x' = x'(x), that is, 

Tr n (0(x'))=Tr H (0(x)). 

Intuitively, the quantized R 4 in the basis (0j) becomes two dimensional integer lattice {{ni, n 2 ) G 
Z> }. Thus one can naturally think that the integration on classical R 4 should be replaced by 
the sum over the lattice: 

J d 4 xO(x) - Ti h O(x) = (^) 2 Yl (ni,n 2 \0(x)\ ni ,n 2 ). (15) 

(ni,n 2 ) 

1 The module £ is projective if there exists another module T such that the direct sum £ © T is free, i.e., 
£ © T = Aq as right ^-module. 
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This definition used in to calculate the instanton number of U(l) solution indeed respects 
the translational symmetry as well as the rotational symmetry since the automorphism g of 
R 4 such as (0) can be generated by the unitary transformation acting on 7i. If the system 
preserves rotational symmetry, for example, single instanton solution, we then expect for the 
case that the sum with respect to (ni, n 2 ) can be reduced to that with respect to iV = n\ + n 2 



corresponding to a radial variable r = \Jx{ + x 2 + x\ + x(. 
3.1 Single U(l) Instanton 

In the ordinary case any regular £/(l) instanton solution can not exist. However, in the noncom- 
mutative case, there are nontrivial U(l) instantons for every k || [TTj, [H| . Suppose (Bi,B 2 ,I) 
is a solution to the equations @ and (|j) where one can show J = for U(l) 0. If we write 
the element of V © V © W as ip = ipi © ip 2 © ^, Eq. (|Tl|) is then 

D, * = (-V* T-l o)(|)=°- < 16) 

For k — 1 we can first choose B\ = B 2 = by translation and we get / = a/C from the 
ADHM equation (||). Then Eq.(16) is solved as 



ij) 1 = z 2 8- x I& ^2 = z l 5~ l Ii ) (17) 

where 5 = x 2 = z{z\ + z 2 z 2 and £ = (1 + P5~ l I)~^ . As emphasized by Furuuchi |TT| and Ho 
l2| , note that the operator t/> annihilates |0, 0) state, so the projective module is normalized as 

^ = p = 1 _ |o,0)(0,0|. (18) 
If zi, z 2 in ( |T7| ) are ordered to the right of 5 _1 /£ according to the commutation rules 

z a f(5) = f(6 + (/2)z a , z a f(6) = f(6-(/2)z a , (a = 1,2) (19) 

for a function f(z,z), the 1 0, 0) state is projected out from the Fock space and — » (5 + 
£/2) _1 . So the ADHM solution ( p!7[ ) is well defined for all states in Ti. It is crucial to prove 
the completeness relation ([12]) to observe that ADHM always arrange their solutions to be 
singularity-free. 

Now we can calculate the connection A = ip^dip in terms of one variable £ 

A = r 1 «e + r 1 ^, (20) 
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where a = £ 2 d z £ 2 = ~ / 2+ A (x2+() z a dz a and d z = dz a -£-, d z = dz a -^- (d = d z + d z ). Then 
the corresponding field strength Fa is obtained from 

F A = dA + A 2 , 

= C\da + a 2 )C (21) 



Even if we deal with the U(l) case we have to keep the second term in fl2~T|) because of the 
gauge covariance on noncommutative space. The field strength Fa can be obtained from ( |i~4"D 
or by direct calculation of ( plf ) with attention to ordering: 

^ fs(dz 2 dz 2 — dz\dz\) + f + dz\dz 2 + f~dz 2 dz] 



i h 



x 2 (x 2 + §) {x 2 + C) 

h = zizi ~ Z 2Z2, f+ = 2ziz 2 , f- = 2z 2 z x . (22) 

Since the "origin", i.e. 1 , 0) , is projected out, Fa has no singularity. The topological action 
density is given by 

3 = -t^FaFa = ~— f 4 P, (23) 

87r 71 x 2 (x 2 + t) (x 2 + () 

where we used the fact that dz\ A dz\ A dz 2 A dz 2 = —4 (volume form). Note that S for k = 1 
depends only on x 2 due to the rotational symmetry. 

The total action over noncommutative R 4 is defined by using the prescription (|i~5|) as 



Using the facts 



Tr^=(^) 2 £ S. (24) 



(ni,n 2 )^(0,0) 



x 2 |ni,n 2 ) = -(m + n 2 )\nx,n 2 ), 

oo oo 

E (N\0(x)\N) = J2(N + l){N\0(x)\N), (25) 

(ni,n 2 )^(0,0) N=l 

the instanton number for the solution (|(J) turns out to be —1, that is, 

OO 1 

^-'EmTTWTYr- 1 - (26) 

3.2 Two U(l) Instantons 

Next we will perform the same calculation for £7(1) instanton solution with k = 2. We start 
with the matrices satisfying the ADHM constraints @ and @: 

■o v/T 



Bi 







), B 2 = 0, 7=(JL), J = 0, (27) 
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where we have fixed the moduli corresponding to the relative position between two instantons 
for simplicity (for a general solution with the moduli dependence, see |TI|). With these data 
we can get the normalized solution of Eq. (p|) 




z 2 {x 2 + §) 



Q , ^2 



c 1 - §; 



f28l 



~Cz 1 z 1 + x 2 (x 2 + 
C^i + (x 2 + |)(x 2 + 2C) 



where 



Q 



{-C*i*i + x 2 (x 2 + ±C)}{-C^^i + (x 2 + £)(x 2 + 2C)} 



1 

2^" 1 a " A " x ' ' 2' 

Note that the states 1 , 0) and |1,0) are annihilated by all components of ip |L1]] (where the 
projected states in general depend on the moduli entering in B\ and B 2 ). The operator ijj in 
(f28|) is thus normalized as 



^=p = l- |0,0)(0,0| - |1,0)(1,0| 



(29) 



so Q^ 1 is well-defined. 

With this solution, the field strength Fa can be calculated with careful ordering from the 
formula (|TJ]) 



G 2 
Hi 
H 2 
Qi 
Q2 



^ (h{dz 2 dz 2 - dzidzi) + f + dzxdz 2 + f-dz 2 dz^j , 



Q 
(h_ 
QPi 



Z1Z1 



(h 

QP 



■z 2 z 2 , /-i 



2(x 2 + 

Q1P1 



ZlZ 2 , /_ 



2(x 2 + |)JET a 



"^2^1, 



2 1 Cw - C\ , ^2/^2 C\2 



Gi := C(3x 2 + -)(z 1 z 1 --)+ x~{x~ - -J 



3C(^i-^) + x 2 (a; 2 -^ 
3CziZi + x 2 (x 2 - -), 



{-CO^i - ^) + *V + ^)}{-C(^i - |) + (a: 2 + i 2, )} 



{ -U ■:. + |) + *V + £)}{-C(**i + £) + (^ + ^ + 2 0) 
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p i:= _ C( ^ 1 _£ )+x 2 (x 2 + 3 c)j 

P 2 :=-(z 1 z 1 +x 2 (x 2 + ^0. (30) 

The /_ component has a singularity coming from Q 2 at |0, 1) state which is not projected 
out by p. However, Fa is well-defined since the |0, 1) state is annihilated before it causes any 
trouble due to the factor z 2 z\ in /_. Notice that, in the case of k = 2 instanton solution with 
relative separation, we can not expect the spherical symmetry, so the action depends on another 
coordinates in addition to x 2 . 

By straightforward calculation, the instanton charge density S can be explicitly calculated 
using the same normalization that the k — 1 case 

S = -^- 2 F A F A (31) 



1 ( G X G 2 x2 2{x 2 + t) 2 H 2 2{x 2 + t) 2 H 2 

Q- 2 {p^ ZlZl - T 2 Z2Z2 ) + QjP? ZlZlZ2Z2 + Wl ZlZlZ2Z2 



Now the instanton charge can be numerically calculated in the SHO basis (|J) (where the sum 
with respect to n\ and n 2 should be separately done since the spherical symmetry is broken). 
We performed this double infinite sum using Maple over 40, 399 points with < n\ < 200, < 
n 2 < 200 excluding the indicated points (0,0), (1,0). The result is 

Tr w S = (y) S~ -1.9998877 w -2. (32) 



(»1,»2)#(0,0) 
(«1,»2)#(1.0) 



Now this result is consistent with ]TJJ. ^ Following the argument in [T^], we believe that the 
instanton number for U(l) solutions is always an integer, independent of the moduli entering 
in Bi, B 2 . This should be the case since we have already introduced the integer number k to 
specify the ADHM data. 

3.3 Single U(2) Instanton 

Now we will seek for U(2) solution [ITTJ following the same steps as the U(l) case. From the 



ADHM equations with B\ = B 2 = 0, one can choose / and J as follows 

/-(v/p^Tc o)-(o o), 



J = (>=(!')• < 33 » 



2 In the previous version of this paper, we obtained TruS — —0.932 incorrectly due to an error of our 
numerical calculation. 
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where p is a non-negative number and parameterizes the classical size of the instanton. Then, 
from Eq.flnp, we get the following solution 



*p 2 = z 1 5- 1 I£ + z 2 A- l J^, 
£= (l + /t r i / + J/\-\p)-\. 



(34) 



where A = 5 + £. Using the explicit solution fl33|), £ is expressed as 

'( 



V 



o 



o 



A+p 5 



and the zero-modes ^ are 



^x'={fx 9i 

^2-=(f2 92 ) = 
^•=(^(1) ^(2)) 



£_ 
e+ 



vo e+y 



(35) 



From the above expression we see that ip^ annihilates the state |0, 0) for any values of p, 
and normalized in the subspace where |0, 0) is projected out, that is, ip^^ip^ = p. The zero- 
mode ip^ annihilates no states in Ji and manifestly nonsingular even if p = 0. When p = 0, 
9i — 92 — 0, and, from (|1^), we see that ip^ does not contribute to the field strength. Therefore 
the structure of the U(2) instanton at p = is completely determined by the minimal zero-mode 
■0W j n the U(l) subgroup ITT . 

The gauge field A = ip^dip can be now explicitly calculated and the result is 



C\ z a cIzq 



a 



K 



C 2 {z 2 dz\ - z 1 dz 2 ) 



C 2 {z\dz 2 — z 2 dz\ t 

C3Z a dz a 



(36) 



where 



K 



1 



Ci 



V + O, c 2 = Pv y + c, c 3 = - P 2 



(5+D(a+p 2 : 

If we let ( = 0, we can get the ordinary SU(2) instanton solution 



(37) 
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where £ M1/ is the 't Hooft symbol which is both antisymmetric and self-dual with respect to 
their indices (|T5|. On the other hand, if we let p = 0, we get 

a = —j— t^— — (zidzi + z 2 dz 2 ), (38) 

[x 2 + | J (a; 2 + C) 

which is exactly equal to the U(l) solution in (BO) for the reason explained above. 

The field strength Fa can be obtained from (|14]) or by direct calculation with the solution 
(j36[) if one keeps in mind careful ordering 0: 

±^(22 -11) B 2 (12) 
B 3 {12) ±fl 4 (ll-22) 
-B 2 (12) 
J -S 3 (12) |5 4 (22 - 11) 

-Si(12) -B 2 (H) 
£? 3 (22) £ 4 (12) 



+ dz 2 A cf^ 
+ dz\ A cfz 2 



where 



+ dz Adz f' 5l(l2) -^(22)\ , , 

dz l /\dz 2 [ B ^ ll) _ B ^ l2) ), (39) 



5(5 + p 2 + §)(A + p 2 ) 

2C 2 /A + p 2 

-t>9 := 



5(5 + p 2 + |)(A + p 2 ) \5 + p 2 



2' 

2 



2C 2 f A + p 

-D3 ' 



A(A + p 2 )(A + p 2 + §) \A + p 2 + C 
2C 3 



^ 

4 ' A(A + p 2 )(A + p 2 + | N 



One can check that this Fa is anti-Hermitian and anti-self-dual (i 7 ^ + i 7 ^ = 0) using the rule 
(|19|). By straightforward calculation, one can determine the instanton charge density which 
also depends only on x 2 due to rotational symmetry 

S =-^Tr(F A AF A ) 

1 —{{B\ + S|)(1122 + 1122) + S|(llll + 2222) + ( 1111 + 2222 )} 



2vr 



471-2 



— {(B 2 + B|) (11 - 22) 2 + 4B|ll22 + 4B| 1122} 



47T 
1 

2^ 



L{(5 2 + £ 2 ) x 2 + C ) + 25 2 (o; 2 - £)* 2 }p 

^(, 2 + C )(, 2 + f). (40) 



3 Here we are using a shorthand notation where (aa) denotes the coordinates z a z a and (aa) = z a Zo, etc. 
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In the above expression, the parts except (• • •) project out the state 1 , 0) , so we explicitly 

inserted the projection operator p = 1 — |0, 0)(0, 0| in the parts. It can be confirmed again to 
recover the ordinary SU (2) instanton solution in the ( = limit where B\ = ■ ■ ■ = and the 
U(l) case for the limit p = where only Bi term in ([!(]) survives. 

Finally we calculate the instanton charge of U(2) solution. Note that, since the part involved 
with B\ in (|40"1), denoted as 5*2, does not project out any states in TC, the trace with respect 
to the part should be performed over the full Hilbert space (f|) including the state |0, 0), while 
that involved with the projection operator p in fl40|), denoted as Si, has to exclude the "origin", 
|0, 0). Using the relations (^5|), the topological charge can be calculated (where we used Maple) 

Tr H S = (V) l^N + + y £(N + l)$ 2 (N)) (41) 



2 

E 



\N=1 N=0 

4 



X 



N=l 



\ (N + 1)(N + 2)(N + 2a 2 )(N + 2a 2 + 1) 2 (N + 2a 2 + 2) 2 (N + 2a 2 + 3) 2 
N 3 + 6N 2 + 11N + 6) 2 + 2a 2 (N + 2) 3 (3N 3 + 16N 2 + 25N + 12) + 
2a 4 (3iV 6 + 45A^ 5 + 257iV 4 + 714A^ 3 + 1028A^ 2 + 737N + 212) + 
4a 6 (9iV 5 + 83A^ 4 + 301A^ 3 + 512iV 2 + 400A^ + 115) + 

8a 8 (9iV 4 + 55A^ 3 + 122iV 2 + 109iV + 30) + 16a 10 (3iV 3 + 11A^ 2 + 12A^ + 3) 

= -1, 

where a = pj \f£,. Note that the dependence on the instanton modulus p remarkably dissappears 
in the final answer. 

4 Completeness Relation 

In this section we will show that our solutions we constructed in section 3 exactly satisfy the 
completeness relation (|i~2P . And then it is shown that this completeness relation is a general 
property satisfied in the ADHM construction. 

The completeness relation (|T2"D is actually a canonical decomposition of a vector space 
QN+2k ^ Qr a £ ree moc [ u i e j^>N+2k £ Qr noncom mutative instantons) into the null-space ([TTJ) and 
its orthogonal complement. This decomposition is well-defined [O] even in the noncommutative 
space in spite of the nontrivial normalization ([13]) since the projective module (see footnote 1) 
corresponding to a vector bundle is also well-defined in this case. 

4 Now this result is in agreement with the result in |l4| ] . In the previous version of this paper, it was incorrectly 
claimed due to a programming error that the instanton number depends on the moduli. 
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Let's start with the simplest case, the single U(l) instanton in section 3.1. In this case, the 



matrices DfD' and i/ji/j^ where / 1 = Z\Z\ + z^z^ + C 



DfD* 



( ZxfZi + z 2 fz 2 
z\fz 2 - z 2 fzi 



V 

Zl^Z 2 

.4* 



Z2J^Z X 

4* 



Zijz\ - Zifz 2 
ZifZi + z 2 fz 2 

-VCfzi 

z ^\ 
z 2 — 

~z^ 
61 A 



A have the forms 

-VCz 2 f 
-VCzif 



a 



6_ 

A 



(42) 



(43) 



/ 



To check the completeness relation (O) is now a simple straightforward algebra using the 
formula ([191) . Similarly one can easily check the completeness relation for the U{2) single 
instanton in section 3.3. For this case, 

z 2 fzi - z x fz 2 
zif zx + z 2 fz 2 

-V^+Cfzi 

~pfZ2 



( z 1 fz 1 + z 2 fz 2 
z\fz 2 - z 2 jz x 



\ 



-Vp T +CfZ2 

pfzi 

fhfl + gigl hfl + gxgl M- <?4\ 
hfl + 92g\ fofl + 9%9* fok- git 



^Tlzif 

(p 2 + Of 
o 



pzif \ 

~pZ2f 



P 2 f J 



(44) 



V 



o 







(45) 



are coming from 



Z + g{ i+g ] 2 o e+a/ 

where f' 1 = Z\Z\ + z 2 z 2 + p 2 + ( = A + p 2 and the notations in ( 

Before checking the completeness for the case of the U(l) two instantons, let's argue that 
the completeness relation fll2|) in the ADHM construction is a general property satisfied even 
for noncommutative spaces. For this, it is important to observe the following property 

ipp = ip, ptjr = ip\ (46) 



where p is the projection operator in ( |i~3[) which is p 



and p 



|0,0)(0,0| 




|0,0)(0,0| for Jfe = 1 17(1) instanton 



for k = 1 Z7(2) instanton. Of course the above property is 

quite general in the ADHM construction for the reason stated below fll9|) . When the null- 
space condition (|ll|) is given in a vector space Q N+2k or a free module A® N + 2k ^ one can ask 
whether the completeness relation ([12]) is satisfied. If one notices the projection operators in 
left-hand side of ( [12]) are both well-defined, i.e. non-singular, this relation should be satisfied 
since operating D and ip from the right-hand side or and ip^ from the left-hand side the 
relation is always satisfied due to ([TT]) and ([46]) respectively. One can check using the explicit 
expressions (^)-(ff^) that the relation QT2] ) is satisfied, as it should be, even for the dangerous 
state 1 , 0) . This general argument actually can also be extracted from the construction of a 
projective instanton module given by Ho REj| . We checked this claim for the Z7 (1) two instantons 
in section 3.2 as well although a little but straightforward algebra has been involved. 
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5 Discussion 



We studied U(l) and U(2) instanton solutions on noncommutative R 4 based on the noncommu- 
tative version of ADHM equation proposed by Nekrasov and Schwarz. It has been shown that 
the anti-self-dual gauge fields on self-dual noncommutative R 4 correctly give integer instanton 
numbers for all cases we consider. 

We further showed that the completeness relation in the ADHM construction is a general 
property satisfied even for noncommutative spaces. To illustrate this claim more concretely, 
let's consider the ADHM construction on H 2 NC x where H% c is the noncommutative space 
but R^ is the commutative space. This space is represented by the algebra 

[zi,*i] = C, [Z2,z 2 } = 0. (47) 



With this convention, one can easily check using the explicit expressions (|42D-(|45D that the 
completeness relation is exactly satisfied for this space. (Note that now z 2 , z 2 are commutative 
coordinates, so one should apply the formula (|T9|) only for a = 1 with the change ( — > 2(.) 
Our result is different from fl4| by Chu, et al. claiming that the completeness relation can be 



broken down in this space. Indeed they argued that there is no nonsingular U(N) instanton on 
Rtvc x due t° the breakdown of the completeness relation. Our present result may cure 
their "unexpected" result correctly. We hope to address this problem soon [p~6f] . 

We would like to mention some difference on finding an ADHM solution between ours 



and |14[ although both methods consequently give equivalent results. We have taken the 
normalization fllcf) throughout this paper and found the solutions (|17D , (jffi) and fl35"D satisfying 
this normalization. Alternatively one can take an another nomalization = 1 like as ||14|| . In 



this case one should find the ADHM solution satisfying this normalization. Explicit solutions 



of this kind were found in ||14|| . However, the choice of normalization is not important if and 
only if the consistent solution could be found according to each normalization. In addition, 
as shown in section 4, our normalization ( |i~3D is completely consistent with the completeness 
relation due to the property ( f£6|) (and more economical on calculational side). 
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